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Abstract. Even surfaces of general type with = 8, pg = A and q = 
were found by Oliverio |O105] as complete intersections of bidegree (6, 6) in a 
weighted projective space P(l, 1, 2, 3, 3). 

In this article we prove that the moduli space of even surfaces of general 
type with K'^ = 8, Pg = 4 and q = consists of two 35-dimensional irreducible 
components intersecting in a codimension one subset (the first of these com- 
ponents is the closure of the open set considered by Oliverio). All the surfaces 
in the second component have a singular canonical model, hence we get a new 
example of a generically nonreduced moduli space. 

Our result gives a posteriori a complete description of the half-canonical 
rings of the above even surfaces. The method of proof is, wc believe, the 
most interesting part of the paper. After describing the graded ring of a cone 
we are able, combining the explicit description of some subsets of the moduli 
space, some deformation theoretic arguments, and finally some local algebra 
arguments, to describe the whole moduli space. 

This is the first time that the classification of a class of surfaces can only 
be done using moduli theory: up to now first the surfaces were classified, on 
the basis of some numerical inequalities, or other arguments, and later on the 
moduli spaces were investigated. 



1. Introduction 

Algebraic surfaces with geometric genus Pg = A have been a very natural object 
of study since Noether's seminal paper [Noe70| in the 19-th century. Because their 
canonical map has image Si which most of the times is a surface in the projective 
3-dimensional space P^, defined therefore by a single polynomial equation. 

In the 20-th century new examples of such surfaces were found by several authors 
f jMax37| . |Fra39j . |Enr49] . jKod65] ). and a substantial part of Chapter VIII of 
Enriques's book jEnr49j is devoted to the discussion and the proposal of several 
constructions, in the range 4 < < 10. New examples were then found in |Cat81| 
and |C81] (see also |Cat84j ). Nowadays the investigation of such surfaces is an 
interesting chapter of the theory of surfaces with small invariants, encompassing 
(easier) existence questions and (harder) investigation of moduli spaces. 

By the inequalities of Noether and Bogomolov-Miyaoka-Yau, minimal surfaces 
of general type with pg ~ A satisfy 4 < < 45. Only recently the upper bound 
= 45 was shown to be achieved ( |BC08j ). while the first historical examples of 
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surfaces which we mentioned above are surfaces with 4 < < 7; by the work of 
Cihberto and Catanese, |C81| and |Cat99j . existence is known for each 4 < < 28. 

Irregular surfaces with pg = A were later investigated in |CS02j : in this case 
> 8 since, by |De82| . one has > 2pg for irregular surfaces 0; while > 12 
if the canonical map has degree 1. 

Surfaces with pg = 4 and = 4 were classified by Noether and Enriques, but 
it took the work of Horikawa and Bauer ( |Ho76a| IHo76b| IHo78| IBOlj ) to finish 
the classification of the surfaces with pg = 4 and 4 < < 7 (necessarily regular) . 
These are 'essentially' classified, in the sense that the moduli space is shown to be 
a union of certain (explicitly described) locally closed subsets: but there is missing 
complete knowledge of the incidence structure of these subsets of the moduli space. 
We refer to the survey |BCP06b] for a good account of the range 4 < < 7, 
and to [Cat97j for a previous more general survey (containing the construction of 
several new examples). 

Minimal surfaces with = 8,pg = 4, g = have been the object of further work 
by several authors |C811 ICFM97[ lOlOSj . The surfaces constructed by Ciliberto have 
a birational canonical map, are not even, and have a trivial torsion group Hi{S, Z) 
(unlike the ones considered in [CFM97|); the ones constructed by Oliverio are simply 
connected (see |D82[ ). and they are even (meaning that the canonical divisor is 
divisible by two: i.e., the second Stiefel Whitney class W2{S) = 0, equivalently, the 
intersection form is even). 

Therefore, for = 8,pg = 4, q = there are at least three different topological 
types |O105| Remark 5.4], contrasting the situation for (minimal) surfaces with 
Pg = 4, < 7 which, when they have the same K^, are homeomorphic to each 
other. Recently Bauer and the third author [BP09j classified minimal surfaces with 
= 8,Pg = 4,(j = whose canonical map is composed with an involution (while 
examples with canonical map of degree three are given in |MP00j ). 

Their work shows that the moduli space of minimal surfaces with = S,pg — 
4, g = has at least four irreducible components: and a new fifth one is described 
in the present paper. 

Therefore the classification of minimal surfaces with = 8,pg = 4, g = seems 
a very challenging problem, yet not completely out of reach. 

The present article provides a first step in this direction, classifying all the even 
surfaces and completely describing the corresponding subset M| 4 q of the moduli 
space. 

This is our main result: denote by Afg 4 q the moduli space of even surfaces of 
general type with = 8, Pg = A and q = 0. We show that q, which a 
priori consists of several connected components of the whole moduli space M^^^^q, 
is indeed a single connected component of the moduli space Ms^4^o. Oliverio |O105| 
found out that, if \Ks\ is base point free (this condition determines an open set of 
the moduli space) the half-canonical ring R{S, L) realizes the canonical model X of 
the surface X as a (6, 6) complete intersection in P(l^, 2, 3^). Since conversely such 
complete intersections having at worst Du Val singularities (i.e., rational double 
points) yield such canonical models, one gets as a result that this open set is an 
irreducible unirational open set of dimension 35 in the moduli space M^'\ q, hence 

^ That the case = 8, Pg = 4 and q = 1 actually occurs is shown by the family of double 
covers of the product E X ¥^ , where E is an elliptic curve and the branch divisor has numerical 
type (4,6). 
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it gives rise to an irreducible component which we denote by Mjr (here J- stands 
for "free" canonical system). We treat here the case where \Ks\ has base points 
and, completing Oliverio's result, we obtain the following 

Theorem 1.1. The moduli space q consists of two ib- dimensional irreducible 
components Mjr and Ms , such that the general points of Mjr correspond to surfaces 
with base point free canonical systems, while all points of Ms correspond to surfaces 
whose canonical system has base points. Moreover Mjr and Mg intersect in a 
codimension one irreducible subset. 

The subscript £ in Ms stands for 'extrasymmetric', since the general points of 
Ms correspond to surfaces whose half-canonical ring admits an 'extrasymmetric' 
presentation. 

Let us also point out that we are describing the Gieseker moduli space, and that 
in fact all the surfaces in the component Ms have a node, hence the Kuranishi 
family for S is non-reduced at each point of this component. 

Our proof starts with Reid's method of infinitesimal extension of hyperplane 
sections (cf. jR88] ) . which is the algebraic counterpart (in terms of graded rings) 
of the inverse of the classical geometrical method of sweeping the cone: taking the 
projective cone Cone{X) with vertex P over a projective variety, any hyperplane 
section of Cone{X) not passing through P is isomorphic to X, and one can make 
it degenerate to a hyperplane section of the cone passing through P, which is the 
cone Cone{HnX) with vertex P over the hyperplane section of X, HDX. Viewing 
the process in the inverse way, one may see X as a deformation of Cone{H n X) 
and indeed Schlessinger, Mumford and Pinkham ( jSch731 [Mum73[ IPi74| ) set up the 
theory of deformations of varieties with a C*-action to analyse this situation. 

The advantage in the surface case is that the hyperplane section is a curve C 
and the graded ring of the cone over C is much more tractable than in the higher 
dimensional case. 

It is so once more in our special situation. In order to describe the graded ring 
R(S, L) associated to a half canonical divisor L, we first calculate (Proposition l4.4|) . 
in the case where the canonical system has base points, the quotient ring R asso- 
ciated to the restriction of R{S,L) to a smooth curve C in \L\. Then we would 
like to recover R{S, L) as an extension ring, which of course can be viewed as a 
deformation of the cone Cr associated to the graded ring R. 

We can find some of these extension rings using two different "formats" , an old 
one and a new one; the old one consists in writing the relations in R in terms of 
pfaffians of certain extrasymmetric skcwsymmctric matrices (Example 15. 2[) , while 
the new one is more complicated (see Example 15. lOp . These formats produce in a 
natural way two families of such surfaces embedded in a weighted projective space 
of dimension 6 (see Propositions 15 . 71 and 15.13]) via their half-canonical rings. 

As written in the abstract, our method gives only a posteriori a complete de- 
scription of the half-canonical rings of the above surfaces (this was first achieved 
by the second author via heavy computer-aided calculations which are impossible 
to be reproduced in a paper). 

We then prove that these two families fill the moduli space via a crucial study 
of the local deformation space of the cone Cij, obtained by first studying the in- 
finitesimal deformations of first and second order. Then, using some local algebra 
arguments, we show that there cannot be higher order obstructions. 
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An interesting novel feature is that the deformation space has embedding codi- 
mension two and is not a local complete intersection. 
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2. Preliminaries 

This section collects some notions and facts that will be used in the sequel. 

2.1. Notation. The varieties that we consider in this paper are defined over the 
complex numbers C. 

Throughout the article S shall be the minimal model of a surface of general 
type with A'| = 8, Pg{S) = 4 and q{S) = 0, and we shall assume that S is even, 
which means that there exists a divisor class L such that 2L = Ks, = denoting, 
as classically, linear equivalence. The first simple observation is that, if S is even, 
then S is minimal, since for an exceptional curve of the first kind E one would have 
— 1 = E- Ks = 2i? • L, a contradiction. 

Observe moreover that L is not a priori unique, since the class of L is determined 
up to addition of a 2-torsion divisor class, and these form a finite group (only a 
posteriori we shall see that the class of L is unique, since all our surfaces will be 
shown to be deformation equivalent to a weighted complete intersection, hence they 
are all simply connected). 

Hence we shall throughout consider a pair {S, L) as above, observing that de- 
formations of the pair (S, L) correspond to deformations of S up to an etale base 
change. 

Given a projective algebraic variety Y and a line bundle L, 

R{Y,L) ■.= ®n>oH°{Y,nL) 

is the graded ring of sections of the pair {X, L). 

The canonical model of such a surface of general type S is the projective spectrum 
X := Proj{TZ{S, Ks)) of the canonical ring of 5; X is also the projective spectrum 
~ Proj{TZ{S, L)) of the semicanonical ring associated to the class of L, and is 
the only birational model of S with ample canonical class and at most rational 
double points as singularities. The above (graded) rings are all finitely generated 
C-algebras. Observe that the line bundle L descends to a line bundle on X by the 
results of Artin in |Art66| . 

Observe that any deformation of S yields a family of relative canonical alge- 
bras and (up to etale base change) a family of relative half canonical algebras. In 
particular, by the semicontinuity theorem, a minimal system of (homogeneous) gen- 
erators for the semicanonical ring TZ{S, L) yields an embedding of X into a weighted 
projective space P(di, ^2, ■ • ■ , c^/t), and locally a deformation of S yields a family of 
projectivcly normal subschemes of P((ii, d2, ■ ■ ■ ^dh)- 

By abuse of notation, we denote sometimes an element of a polynomial ring and 
its image in some quotient ring by the same symbol. 

C[e] := C[t]/{t'^) is the ring of dual numbers, so that e is meant to be a first order 
parameter, i.e., e has degree and = 0. Given a C-algebra R, R[e] := R^c C[e]. 
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Finally, let M = (mij) be a 4 x 4 skewsymmetric matrix. Then recall that the 
pfafhan of AI is 

pf{M) = 7711277134 - 7711377124 + 7711477123- 

2.2. Deformation of closed subschemes and graded rings. As we shall some- 
times not only use the analytical theory of deformations, we observe the connection 
between Hilbert schemes and deformation theory, which is central in our arguments. 

Theorem 2.1 (Ideal- Variety Correspondence). There is a natural bijection between 
the set of closed subschemes of a weighted projective space and the set of saturated 
homogeneous ideals of the (weighted) polynomial ring, which associates any closed 
subscheme to its saturated homogeneous ideal. 

Proof. For closed subschemes of usual projective space, see for example |Ha77[ 
Ex. II.5.10]; for the weighted case, see (D82l 3.1.2(iv)]. □ 

Theorem 2.2. The deformation functor of closed subschemes in weighted projec- 
tive space satisfies Schles singer's conditions Hq, H,^, H Hf , and hence is prorepre- 
sentable. 

Proof This is |Sern06| Prop. 3.2.1]. □ 

Let X be a closed subscheme of a weighted projective space P. Let A = 
C[a;i, • ■ • ,Xn] be the polynomial ring of P and / C A the saturated homogeneous 
ideal of X. 

Theorem 2.3. // depthA/I > 2, then the deformation theory of the embedded 
projective scheme X is the same as that of the corresponding graded ring A/ 1. 

Proof. For the case of usual projective space, we refer to jHalOi Prop. 8.8]; for the 
weighted case, one can adapt the same proof as [ibid]. □ 

Thus in good situations, in particular in ours, we can study the deformations of 
weighted projective schemes via the deformations of their graded rings, indeed the 
parameter spaces we shall use will be locally dominating the Hilbert scheme. 

Theorem 2.4 (Hilbert scheme). There is a natural scheme parametrizing the set 
of closed subschemes of a fixed weighted projective space having a given Hilbert 
polynomial. 

Proof. This result is due to Grothendieck |Groth64] . and has been generalized in 
the multigraded case by |H-S04j . □ 

The role of the Hilbert scheme becomes more apparent when we shall take the 
deformation theory of the cone Cone{H n X) over the hyperplane section of the 
canonical model X in its half-canonical embedding in a weighted projective space. 

Here we shall use the results of Schlessinger and Pinkham ( |Sch73j . jPi74j ). in 
particular Pinkham's result 

Theorem 2.5 (Hilbert scheme and deformations). The natural morphism of the 
Hilbert scheme to the Kuranishi space of Cone{H Cl X) is smooth. 

It is important to remark that, whereas the Kuranishi family is versal at any 
point, it is only semiuniversal at the point corresponding to Cone{H n X): this 
is due to the C* action which stabilizes the cone Cone{H O X) but not its small 
deformations. 
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Observe finally that the local structure of the Gieseker moduli space is the quo- 
tient of the Kuranishi space of X by the finite group Aut{X) (see jCat08| as a 
general reference), hence, in order to study the irreducible components of the mod- 
uli space, openness questions are reduced to the study of the Kuranishi space, 
in turn this is locally dominated by the Hilbert scheme (or any parameter space 
dominating the latter). 

3. OlIVERIO'S SURFACES 

Oliverio |O105j studied the even surfaces of general type with Kg = 8, = 4 
and (7 = whose canonical system is base point free, showing that their canonical 
models are the general complete intersections of bidegrec (6, 6) in the weighted 
projective space P(l^, 2, 3^). 

Let S be an even surface of general type with Kg = 8, Pg = A and q = 0. Let 
i be a half-canonical divisor, that is, 2L = Ks- We recall one more preliminary 
result. 

Lemma 3.1. (i) For any k eZ, h^{S, kL) = 0. 

(u) /i"(S', L) = 2, h°{S, 2L) = 4, h°{S, kL) = k^ - 2k + 5 for k > 3. 

Proof. This is the content of Lemma 2.1 and Lemma 2.2 of [O105| . □ 

Remark 3.2. It shall be our standard notation that xi,X2 be a basis of H^{S,L), 
while y completes wq := xiX2,wi := x\,W2 x"^ to a basis of H^{S,2L), z\,Z2 
complete 

x\,x\x2,xxx\,x\,yxx, yx2 

to a basis of H^{S, 3L). 

Observe that, since the canonical map of S can't be composed with a pencil (see 
[Xia85[ Corollary 1 of Theorem 5.1] or |Pigl2[ Theorem 3.4] for the case of genus 2 
fibrations, |Bea79| for the higher genus case), this implies that 4>k{S) is a quadric 
cone {w\wiW2 = Wq}. 

Conversely to the above remark, we show a result of independent interest: 

Proposition 3.3. Let S be a minimal surface with Kg = 8, Pg = 4 and q = 

and assume that the image of the canonical map (j)K{S) is a quadric cone. Then, 
denoting by L the pull back of a line on the quadric cone, we have Kg = 2L + F 
where 

(1) either F ^ and S is even, or 

(2) L^ ^ 1 , Ks ■ L ~ 3, F ■ L ~ 1, \L\ is a pencil of genus 3 curves having a 
simple base point, and the canonical map has degree 3, or 

(3) L^ = , Ks ■ L = F ■ L = 2, \L\ is a base point free pencil of curves of 
genus g = 2, and the degree of (pK is equal to 2, or 

(4) = , Ks ■ L ^ F ■ L = 4, hence \L\ is a base point free pencil of curves 
of genus g = 3 and the degree of (j)K is equal to 4- 

Proof. As usual write Kg — 2L + F, and observe that Ks and L are ncf divisors. 
Then 

8 = X| = 2LKs + FKs = 4^^ + 2LF + FKs > AL^ + 2LF > 4L^ 
The above shows that L^ G {0, 1, 2} and that FKs is even. 
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If = 2, then FKs 2LF = = 0: hence first F is a sum of (-2) curves, 
and then we get F = since the intersection form is strictly negative definite on 
the set of divisors which arc sums of (—2) curves. 

If ~ 1, then KsL is odd, at least 3, but KsL = 2 + LF, whence by the above 
inequality LF ~ 1 and KsF — 2,F'^ = 0. Hence \L\ is a pencil of curves of genus 
3, and the degree of (f>K is then the intersection number KsL — 3. 

If instead L^ = 0, then LKs = LF is even and > 2, so there arc only the 
possibilities LKs = LF = 2, or LKs = LF = 4. In the latter case FKs = 0, thus 
F is a sum of (—2) curves, in the former we have 4 = FKs = 4 + F^, hence F^ = 0, 
FKs = 4. Again the degree of (px equals the intersection number KsL. 

□ 

Observe that examples of all the above cases have been found (see jMPOOj . 
[BP09]). 

We turn now to a slight improvement of Oliverio's result concerning the first 
case of proposition 13.31 

Theorem 3.4. The canonical models X of even surfaces S of general type with 
Ks = 8, Pg = 4 and q = whose canonical system is base point free are exactly the 
complete intersections of type (6, 6) in the weighted projective space P(l^, 2, 3^) with 
at worst rational double points as singularities. In particular, there are coordinates 
Xi,X2,y, zi, Z2 such that X is defined by equations of the type 

(=ic*)/ ^ zl+z2A{xi,x2,y)+F{xi,x2,y) = 0, /' = zj+ziA'{xi,x2,y)+F'{xi,x2,y) = 0. 

These surfaces form an open set in an irreducible unirational component of dimen- 
sion 35 of the moduli space of surfaces of general type. 

Proof. jOlOSl Theorem 5.2] proves that minimal even surfaces of general type with 
Kg — 8, pg ~ A and q — whose canonical system is base point free have a canonical 
model X which is a complete intersection of type (6, 6) in the weighted projective 
space P(l^, 2, 3^) (hence X has at worse rational double points as singularities). 

Conversely, if X = {/ = /' = 0} is a complete intersection of two sextics in 
P(l^,2,3^) with only rational double points as singularities, then Kx = Ox{2), 
K\ = 8, Pg ~ A and q = Q and the only nontrivial thing to show is that the Weil 
divisor L such that 2i = Kx is indeed a Cartier divisor (then the minimal model 
S is an even surface) and that the induced linear system is base point free. 

To this purpose it suffices to show that \Kx\ = \2L\ and |3F| are base point 
free: because then Ox{2) and 0^(3) are invertible sheaves, hence also Oa-(1) is 
invertible. Notice the surjection H°(Or{2)) — > H°{OxiKx)) which implies that 
the base locus of \Kx\ is the locus of zeros of all degree two monomials. 

Choose weighted homogeneous coordinates xi, X2,y, zi, Z2 in P := P(l^,2,3^) 
and write 

/ = q{zi, Z2) + .9, /' = q'{zi, Z2) + g' 
with g^g' G (a;i,a;2,y) and q^q' quadratic forms in 2:1,22- Assume by contradiction 
that the base locus of \Kx\ is not empty, i.e., that X n {xi = X2 = y = 0} 7^ 0. 
Then q and q' have a common factor, say zi, and the canonical system of the surface 
has a base point at Q = [0, 0, 0, 0, 1]. 

Note that Q is a singular point of P(l^,2,3^), a quotient singularity of type 
■|(1, 1, 2, 3) with Zariski tangent space of dimension 7, whose basis is given by the 
monomials x\x2~'' ,Xiy, zi. Since Cp(i2^2,32) (6) is Cartier, the Zariski tangent space 
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of X at Q has then dimension at least 7 — 2 = 5, contradicting the assumption on 
the singularities of X (they have Zariski tangent dimension at most 3). 

Similarly, if |3L| were not base point free, then X would contain the point Q = 
[0,0,1,0,0], a quotient singularity of type ^(1,1,1,1) with Zariski tangent space 
of dimension 10: this again contradicts the fact that the singularities of X have 
Zariski tangent dimension at most 3. 

Therefore the quadratic forms q, q' have no common factor, and we can change 
coordinates so that the equations of X take the desired form (**), where however 
A(0,0,1) ^ or A'(0,0,1) ^ : 

/ = zl+z2A{xi,X2,y)+F(xi,X2,y) = 0, /' = z2+ziA'{xi,x2,y)+F'{xi,x2,y) = 0. 

These equations naturally exhibit X as a 4-1 cover of the quadric cone, and 
show that our surfaces form an open set in an irreducible unirational component of 
dimension 35 of the moduli space (since we have 6 affine parameters for A, A', 15 
projective parameters for F, F' and we divide out by a group of dimension 7, the 
group of automorphisms of the quadric cone P(l, 1, 2); at any rate, the dimension 
follows also from |O105[ Corollary 5.3]). □ 

4. The hyperplane section 

Let S be an even surface of general type with Kg = 8, pg = 4 and q = and let 
L as above be a half-canonical divisor. We shall view the half-canonical curves as 
hyperplane sections of a suitable embedding of the canonical model into a weighted 
projective space, and we shall describe the associated graded ring. 

Lemma 4.1. // \ Ks\ is not base point free, then 

(i) \Ks\ has two base points Q, Q' with Q' infinitely near to Q; 

(ii) \L\ has two base points Q, Q" with Q" infinitely near to Q and Q" ^ Q' ; 

(iii) a general curve in \L\ is smooth of genus 4. 

Proof. These results are in Lemma 3.1, Lemma 3.3 and Theorem 4.1 of |O105j . □ 

Let us fix a smooth curve C G \L\. Then Q e C and Oc{L) = Oc{2Q) by 
Lemma WT\ Let xi be a section in H^{S,L) with div{xi) = C. Using the long 
exact cohomology sequence associated to the exact sequence 

^ Os{{k - 1)L) ^ Os{kL) ^ Oci^kQ) ^ 0, 

we have, by Lemma 13.1^ 1). the exact sequence 

(4.1) ^ iJ''(5, (fc - 1)L) ^ H^{S, kL) H"{C, 2kQ) -> 

and it follows that 

RiS, L)/{xi) = i?(C, 2Q) = R{C, Q)^^) c i?(C, Q), 

where R{C,Q)^^^ := ®kR{C,Q)2k is the even part of R{C,Q). In other words, 
Proj R{C, 2Q) turns out to be a weighted hyperplane of Proj R{S, L). 

Lemma 4.2. 

i?(C,Q) = CK,r/,C]/(p) 
where deg{^,ri, (^) = (1,3,5) and p is a weighted polynomial of degree 15. Moreover 
one can, up to automorphisms o/P(l,3,5), assume that 

p = e-v' + ^P' 

where p' is some suitable weighted polynomial of degree 14. 
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Proof. We first calculate h°{C, mQ) for all m > 0. By the exact sequence ()4.ip . we 
have 

/i°(C, 2kQ) = kL) - /i"(S', (fc - l)L) 
for any fc > 0. Together with Lemma |3. 11 this yields in particular 

h\C,Oc) = h\C,2Q) = l, h°{CAQ)='2, h%C,6Q)=4, 

which in turns implies /i°(C, Q) = 1, /i°(C, 5Q) = 3. 

Since Q is a base point of \Ks\, it is also a base point of |4(3| = l^^^sicl = l-^slic 
which implies that 

h'^{C,3Q) = h^{CAQ) = 2. 

For m > 7, we have hP(C, mQ) = 7ti — 3 by the Riemann-Roch theorem. 
Now take a nonzero section ^ G H'^{C, Q). Then 

Q) C >, H\C, 2Q) > 

and ^ has only a simple zero at Q. There are sections rj E H^{C, 3Q) \ ^H^{C, 2Q) 
and C e H°{C, 5Q)\^H°{CAQ)- 

Since both rj and ( do not vanish at Q, there exist nonzero a, 6 e C such that 
aij^ — b(^^ vanishes at Q. Therefore there is a polynomial p' in of degree 14 

such that 

Up to rescaling the generators, we have p = r/^ — + £,p' = 0. 

Now, ^, 7?, C give a morphism into P(l, 3, 5). Therefore the image is an irreducible 
curve and there arc no other relations than p holding among the three elements 

In other words we get by pull back an injective ring homomorphism from C[^, 77, C] /(p) 
to R{C, Q). Since, by the first part of our proof, both rings have the same Hilbert 
function, they are isomorphic. 

□ 

Remark 4.3. Conversely a general curve C = {p = 0} of degree 15 in P(l,3, 5) is 
smooth of genus 1 + ^^-^^:^^-^ = 4 and R{C, Q) is naturally isomorphic to C[^, 77, C\IPi 
where {Q} := C fl = 0) is a Weierstrafi point whose semigroup is generated by 
3 and 5; the proof of Lemma W?^ shows that every smooth curve of genus 4 with a 
Weierstrafi point of this form arises in this way. 

The smooth curves of degree 15 in P(l, 3, 5) form a linear system of dimension 12. 
Since dim AutP(l, 3, 5) = 5, they form a subvariety of dimension 7 in the moduli 
space of curves of genus 4; note that it is a divisor in the locus of the curves whose 
canonical image is contained in a quadric cone, which are those possessing only one 
9l 

Proposition 4.4. 

R{C,2Q) = C[x2,y,zi,Z2,u,v]/I 
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where deg(x2, y, zi,Z2, u, v) ~ (1, 2, 3, 3, 4, 5), and I is generated by the equations 



fl 


= X2Z2 - 




deg4 




= X2U - yzi 




degS 


h 


= yu- Z1Z2 




deg6 


.A 


= X2V - zf 




deg6 


h 


= yv — ziu 




deg7 


h 


= Z2V — 




degS 


h 


= ziA - yB - 


f X2D 


degS 


h 


= uA — Z2B - 


^yD 


deg9 


h 


^ vA - uB ^ 


ziD 


deglO 



Here A, B, D are general polynomials of respective degrees 5, 6 and 7. Up to auto- 
morphisms, one can assume A ~ v, _B = z|. 

Proof. We have shown that the graded ring R{C, Q) corresponds to a projectively 
normal embeddmg m the weighted projective plane P(l, 3, 5). Therefore the subring 
i?(C, 2Q) is the even degree part of i?(C, Q), a quotient of the graded ring of the 
Veronese embedding of the plane P(l, 3, 5). 

In other words, since the three generators ^, ry, C of -R(C, Q) have odd degrees, 
the even part i?(C, 2Q) is generated by the six products 

X2 ■■= C^, y ■■= ^V, zi := ^C, 
Z2:=^?^ u:=riC,, v -.^ . 

These in fact define a closed embedding : P(l, 3, 5) — !> P(l, 2, 3^, 4, 5). Generators 
of the ideal of <(5(P(1, 3, 5)) are the 2x2 minors of the 3x3 symmetric matrix 

X2 y zA 

y Z2 u \ . 

Zl u V J 

Note that C is the curve defined by p = in P(l, 3, 5). So the ideal / of <p(C) is 
generated by the defining equations of V5(P(1, 3, 5)) plus ^p, rjp, (p. 

In view of Lemma 14.21 we can write these three homogeneous polynomials in 
terms of 2:2, y, zi, Z2, u, v: 

^Pi5 = ziv - yz| + X2D 
T]pi5 ^ uv - z'2 + yD 
Cpi5 = — Z2U + ziD 

□ 

Note that i?(C, 2Q) is Cohen-Macaulay. In fact for any smooth projective curve 
C and an ample line bundle , the graded ring -R(C, H) is Cohen-Macaulay (see 
|HalO[ Prop. 8.6] and its proof). 

5. Two FAMILIES OF SURFACES 

Recall that R R{S,L)/{xi) = i?(C,2Q), where xi is an element of H°{S,L) 
defining the curve C. The hyperplane section principle |R88| Prop. 1.2] gives the 
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following, which is the explicit counterpart of the existence of a fiat 1-dimensional 
family induced by the function xi: 

(i) R[S,L) needs exactly one more generator, namely xi, and the other gen- 
erators are lifted from R; 

(ii) the relations Fi, . . .Fg among the generators oiR{S,L) are liftings of /i , • • • , /g ; 

(iii) moreover the first syzygies among the fi are lifted to those among the Fi. 
Point (iii) is the tricky part of the principle, and is where "formats" are useful in 

order to write explicitly a flat family having as basis a locally closed set of an afhne 
space. A format is simply a way to write an ideal in such a way that the obvious 
first syzygies are all the first syzygies (in other words, one produces automatically 
a flat family). 

We will describe two formats. Each of them will produce a family of minimal 
surfaces of general type with = 4, q = 0, = 8 and even canonical divisor. 

5.1. The extrasymmetric format. This format was first introduced by M. Reid 
and D. Dicks (see |R88| . and jBCP02| IBCPOGa] for further applications and a 
discussion). 

Consider a 6 x 6 skewsymmctric extrasymmetric matrix 

/ 



N 



ni 



n2 





714 


n5 \ 




ns 




ng 


anj 








bn2 






abn\ 



\ 



I 



and let C A^: := C[ni, ^2, . ■ . , rig, a, b] be the ideal generated by the 4x4 pfaffians 
of N . A minimal system of generators of is given by 9 of these pfaffians, the last 
6 being just repetitions of simple multiples of them. This 9 generators are yoked by 
exactly 16 independent syzygies, which wc can explicitly compute (see also [RSSl 
5.5]). 

Definition 5.1. Let A he any weighted polynomial ring and consider a ring homo- 
morphism ip: Ag — > A; then the ideal I generated by f{Ts) is generated by the Ax 4 
pfaffians of the 6x6 skewsymmctric matrix ip{N), obtained by N by substituting 
to each entry its image. We will say that ip{N)is an extrasymmetric format for the 
quotient ring A/ 1. 

Example 5.2. Computing the 4x4 pfaffians of the matrix 



N = 



the reader can check that it is an extrasymmetric format for R. Here A = C[a;2, y, zi, Z2, u, v\ 
with the grading given in Proposition 14.41 





B 




y 


X2\ 




D 


u 


Z2 


V 






V 


U 


Zl 

























\ 








/ 



Let us consider, in Example 15.21 Af graded by the grading making Lp a graded 
homomorphism. Since is surjective, it yields an isomorphism of graded rings 
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A = Af / ker if and 

ker = (a — 1, fe, Til — ^(n^), n2 ~ B{ni), rig — D{nj)) 

where A, _B, Z? are obtained by A, B, Z) replacing the variables X2, y, ^i, Z2, u, v by 
n^,n4,n^,ng,nf,ng respectively. 

Consider R = As /Is , and write /i, ■ • • , /g for the nine pfaffians of N generating 
Xs- Here we can arrange the indices so that (p{fi) = /i for 1 < i < 9. Note that 
R = R A is such that Spec{R) a codimension five complete intersection in 
Spec{R). 

Lemma 5.3. Torf'^{A,R) = 0. 

Proof. This follows since A ^ As / ker ip and ker ip is generated by a regular se- 
quence, see |Matsu86) l. 

□ 

Corollary 5.4. The first syzygy module of R is a reduction of the one of R. 

Proof. Let L, — > i? — > be a free resolution of R over Ag. By Lemma 15.31 
A (g)^ L, ^ A (g)^ i? is exact at A ig)^ Li, which implies the corollary. □ 



Therefore, to calculate the syzygy module of i?, it suffices to work out that of R. 

Corollary 5.5. The syzygies 

ci : -zifi + y/2 - 2:2/3 = deg 7 

(72 : -ufi + Z2/2 -yfs^O deg 8 

0-3 : 2:1/2 - yfi + X2f5 = deg 8 

(74 : vfi + Z1/3 - Z2/4 + yf5 = deg 9 

(75 : w/i - u/2 + y/5 - X2,f6 = deg 9 

(76 : 'i;/2 - ufi + zif5 = deg 10 

: -uf3 + Z2/5 - y/e = deg 10 

c^s : -vfs + uf5 ~ zife = deg 11 

(79 : Bfi - Af2 - yfv + X2fs = deg 10 

(710 : -Bf2 + Af4 + 21/7 - X2/9 = deg 11 

(711 : -D/i - A/3 - Z2/7 + y/s = deg 11 

(712 : S/3 - Afz -zifs + yfg = deg 12 

^713 : ~Df2 + Af^ + ufr - y/g = deg 12 

CT14 : -D/3 - A/e - u/s + Z2/g = deg 13 

<Ji5 ■■ -Dfi + Bfs + vfr - zifg = deg 13 

cri6 ■■ Df5 - Bfe - vfs + M/g = deg 14 

generate all the syzygies between /i , . . . , /g . 

Proof. This follows by CoroUarv IS . 51 and by the computation of the relations among 
the pfaffians of N done in [R88l 5.5]. □ 



This is useful because we can then easily construct flat deformations of this ring. 
Indeed, if we lift the matrix to a bigger ring B, we will get automatically a new 
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ideal in B generated by lifts of /, and also the first syzygies of R will automatically 
lift, yielding flatness. More formally 

Corollary 5.6. Consider the map ip: — > A in Example \ 5.2[ a surjective ring 
homomorphism tt : B — > A, and a ring homomorphism ip : —5- B such that (p — 
TTotp (i.e. "ip lifts ip"). 

Let Fi,...,Fq be the nine pfaffians of N such that T^{Fi) = fi. Then every 
relation among the fi lifts to a relation among the Fi. 

Proof. Each relation Uj is obtained by applying Lp to a relation dj among the fj. 
Applying ip to the same relations will give the required lifts. □ 

By the hyperplane section principle, we can use the above to construct a family 
of surfaces. 

Proposition 5.7. Consider the extrasymmetric matrix 



B 


Zl 


V 


a;2\ 


V 


u 




y 




V 


U 





























/ 



where A, B, T> are weighted polynomials of respective degrees 5, 6 and 7 in the 
graded polynomial ring <C[xi,X2,y, Zl, Z2tU,v\ with weights (1,1,2,3,3,4,5), and let 
X C P(l^, 2, 3^, 4, 5) be given by the vanishing of the 4x4 pfaffians of J\f. 

Then, for general choice of A, B, V, X is a surface with at worse rational double 
points as singularities. In this case K\ = 8, Pg{X) = 4, g = 0, Kx = Ox (2) and 
\Kx\ is not base point free. We obtain in this way a ib- dimensional unirational 
family Mg in the moduli space of surfaces of general type. 

Proof. Varying A, B and V we let X move in a fixed threefold, the cone over the 
weighted Veronese surface (its ideal is generated by the 2x2 minors of the 3x3 
submatrix on the top-right corner of Af) which has a single point which is not 
quasismooth, with coordinates [1,0,0,0,0,0,0]. The same point is also the only 
base point of the linear system. By Bertini's theorem, the general surface X is 
singular away from that point. If the coefficient of xl in T> does not vanish, then 
this point is a node of X . 

By CoroUarv 15 .61 and its proof there is a Gorenstein symmetric free resolution of 
the ideal of X which lifts a resolution of the ideal of the curve C = {xi = 0} flX in 
P(l, 2, 3^, 4, 5): both arc images by a suitable ring map of the Gorenstein symmetric 
resolution of I^. Since Kq = ©0(3), then Kx = Os{2), and it follows immediately 
that the invariants are as stated. 

We show that the canonical system of S has a base point. Indeed, in the 2-plane 
{xi = X2 = y = Zl = 0} the equations reduce to asking that the rank of the matrix 

/'z2 u A\ 
\u V b) 

is not 2. Such a determinantal condition defines a locus of codimension at most 2, 
and with non-trivial cohomology class, hence not empty. 

2 

To compute the dimension of the family, wc note that, on X, Z2 = m = 

2 

— , V ~ —. Then, forgetting the variables Z2,u and w, we get a projection map 
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tt: X P(l^,2, 3) which is birational onto its image, a surface Y of degree 10 
whose equation is general in the ideal 



(5.1) 



These surfaces Y belong to a family depending on 47 free parameters, so F = tt{X) 
varies in a 46 dimensional family. We have to subtract from this dimension the 
dimension of the subgroup of AutP(l^, 2, 3) preserving the ideal (|5.ip . 

Note that Y = 7r(X) has a point of multiplicity > 3 at the point p of coordinates 
[xi,X2,y,zi] = [1,0,0,0]. 

The subgroup of automorphisms of AutP(l^,2,3) preserving the ideal (jS.ip is 
exactly, as one can verify, the isotropy group of p, a group of dimension 11. Finally 
we obtain 46 — 11 = 35. □ 



5.2. The MV format. Consider a 5 x 5 skewsymmetric matrix M and a vector 
V as follows 



M 



( mi3 TOi4 mi5 \ 

17123 "124 nT-25 
77134 77135 
77145 



v 



V = 



V2 
\V5J 



and let Xy C Ay := C[777 i2, . . . , 77145, wi, . . . , W5] be the ideal generated by the 4x4 
pfaffians of AI, and by the entries of MV. 

This gives 10 polynomials, which form a minimal system of generators oily: 



91 ■ - "l23'7^45 + "l24'7^35 " 'Tl34'7l25 
g2 :771l37?l45 - 7711477135 + 7713477715 

53 : - rni2m45 + 7711477725 - TO24'Tii5 

54 :771l277l35 - 77I1377I25 + 7712377715 

55 : - ^12^134 + TOl3'Tl24 - nT-23'Tll4 

56 :77ii2?^2 + mi3?;3 + r7ii47;4 + 777i5?;5 

57 ■mi2Vi - 77723^3 " '7124W4 " m25U5 

58 :771l3Dl + 77723^2 " "7347;4 - 777357)5 

59 :771l47;i + 777247^2 + "7347)3 - 777457)5 
510 -mi^Vl + 777257)2 + ?Tl357)3 + 774457)4 
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yoked (c.f. |CR02| pages 20 and 21] ) by 16 independent first syzygies (i.e., rela- 
tions): 

7711232 + "113.93 + mi454 + 7711535 = 



-7711231 + 


"^2333 + 


77724.94 + 


"12535 = 




-TO1331 - 


^2332 + 


7M3434 + 


"135.95 = 




-7771431 - 


^2432 - 


"^3433 + TO4535 = 




-7771531 - 


"^-2532 - 


"^3533 - 


7774534 = 




W534 - W435 


- TO23,96 


+ ™1337 


- mi238 = 





-V593 + V395 


- TO24.96 


+ "11437 


- "11239 


: 


-V592 + W235 


+ "^34. 96 


- "11438 


+ "11339 = 


: 


-V59I + V195 


- "^34. 97 


+ "12438 


- "12339 = 


: 


■^433 - W334 - 


- "T-2536 - 


1- "^-15.97 - 


- "112310 = 





-V392 + V293 + ruAsge 


- "^1539 


+ mugio = 


= 


ViQl - W134 - 


- ^3537 - 


t- "^25.98 - 


- "^-23310 = 





-U331 + 7;i33 


- ^45 37 


+ "^2539 


- "^24310 = 


= 


W231 + 


- "^45 38 


+ "^3539 


- "134310 = 


= 


■^432 - «2.g4 - 




- "^15.98 - 


1- "113310 = 





Wl36 + W237 + W3.98 


+ 1'4.99 + 


W5310 = 





Remark 5.8. In the previous cases we had a codimension 4 Gorenstein subscheme 
of a weighted projective space defined by an ideal with 9 generators: the ideals 
/ C A and Ig C Ag. 

Here we need 10 generators. Moreover, the locus has codimension 5: indeed, the 
5 pfafhans describe a codimension 3 Gorenstein subscheme, and at the general point 
of it M has rank 2, so the latter 5 polynomials give locally just two conditions. 

The important point for us is that the number of first syzygies is 16, as in the 
previous cases. 

Definition 5.9. Let A be any weighted polynomial ring, consider a ring homomor- 
phism ip: Ay — > A, and set M := ip{M), V — (p{V). Let L be the ideal generated by 
ip{X\;); I is generated by the Ax 4 pfajfians of M and by MV = 0. /7i this situation 
we will say that (M, V) is an MV format for the quotient ring A/ 1. 

Example 5.10. We write an MV format for our ring R. 

Again we choose the graded ring A = C[x2, y, zi, Z2, u, v\. By Proposition l4.4l we 
can assume A = v. Then the pair of matrices [M, V), where M is antisymmetric 
and y is a vector, and with 



M 



u 

Zl 



Z2 

V 




D 
B 

V 

u 



\ 



V = 



/^2\ 

-y 

Zl 





is an MV format for R. 
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Indeed if we compute the image of the 10 generators of ly we get exactly (up 
to a sign) the polynomials ft: ip{gi) = /s, (p{g2) = -/e, ^(ss) = -/s, ^(94) = /g, 

figb) h, ^{go) = -/s, ^{.gi) = -/4, ^{gs) = -h, ^{go) = -/i, "figw) = -h- 

The polynomial which we obtain twice is /s, which is produced twice by Mi, the 
first row of M: — /s equals both MiV (= fige)) and the pfafhan of M which ignores 
it {-ip{gi)). 

Lemma 5.11. The map (p: Ay — >■ A given by Example \5.10\ maps the 16 relations 
among the 10 generators of Iv onto a generating system of the relations between 
/i , • ■ • 7 /g • 

Proof. This is a straightforward computation, comparing the images of these rela- 
tions with the relations in Corollary 15.51 □ 



In this case a general lift of (p will not produce a flat family, because the ideal of 
the general fibre will need 10 generators. Still, a useful weaker statement holds. 

Corollary 5.12. Consider the map tp: Ay A in Example 1 5.1 01 a surjective 
ring homomorphism tt : B — >■ A, and a ring homomorphism ^ : Ay — !■ B such that 
if = TT o tp (i.e. "ip lifts f"). Assume moreover ip{ge) ~ ^'0(.9i); j-e. that 'ijj{MiV) 
equals the image by ip of the pfaffian obtained by deleting the first row and column 
ofM. 

Then {V'(.9i)} has cardinality 9: denote its elements by ±Fi, . . . ,±Fq so that 

= fi (so, e.g, Fq = -p{g2))- 
Then every relation among the fi lifts to a relation among the Fi. 

Proof. 4> maps the 16 generating relations among the gi to a set of generating 
relations among the fi] tp maps the same relations to relations among their lifts, 
the Fi. Since a generating system of relations lift, every relation does. □ 

This format produces naturally a family of surfaces. 

Proposition 5.13. Consider, in the graded polynomial ring <C[xi, X2, y, Zi, Z2, u, v] 

with weights (1, 1, 2, 3, 3, 4, 5), a number cq G C, three general homogeneous polyno- 
mials V, B, and I of respective degrees 7, 6 and 1 of the form 

I = CiXi + C2X2 

B = vBy + uBu + Z2BZ2 + ziBzi + yBy + B^, 
V = vV-a + uVu + Z2Vz^ + ziVz, + yVy + V^. 
Then consider the pair of matrices {AA , V) ( cf. Example \5.10\) with 

( V U Z2 V \ ( X2 \ 

-y + IBv - coPt, 



zi +lBu- cqVu 
IBzo - cqVz^ 

V CO / 



zi y B 

I v + lBy- coVy , V 
u - IBzi + co^^zi 

V / 

Assume moreover that CqDx ~ IBx. 

Let X C P(l^, 2, 3^, 4, 5) be the zero locus of the ideal generated by the 4x4 
pfaffians of Ai and by the entries of M.V . We get in this way a reducible family 
of surfaces with reducible base T . The open subset {cq 7^ 0} C T is irreducible, as 
well as its closure 7i. 
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Then, for a general choice ofT>, B, I and cq inJi, X is a surface with at worse 
Du Val singularities (rational double points). If X has Du Val singularities, then 
X is the canonical model of a surface of general type and, if S is the minimal model 
of X , then Kg — 8, Pg{S) = A, q = 0, Ks = Osi^), and S is an even surface. 

The case cq ^ gives exactly all the surfaces with base point free canonical 
system, described in Theorem \3.4\ Ti gives a ib- dimensional irreducible locally 
closed set Mjr, in the moduli space of surfaces of general type, which contains the 
set of Oliverio surfaces. Moreover Mjr n Mg is irreducible of dimension 34. 

Remark 5.14. First of all, we may write the polynomials By, . . . uniquely if we 
require that Bx is a polynomial only in the variables xi,X2, By is a polynomial 
only in the variables xi,X2,y, and so on, following the increasing weight order 

Xl,X2,y,Zi,Z2,U,V. 

The parameter space T is reducible, since in fact the equation 

coVx = IBx <^ caVx = {cixi + C2X2)Bx 

is equivalent to requiring either that cq 7^ and then T>x — Cq"^(ciX'i + C2X2)Bx, or 
that Co ~ ci ~ C2 = 0, or cq = Bx — 0. 

The closure of the irreducible afhne set Tfl {cq 7^ 0} shall be denoted by 7i, 
while T2 := {cq = ci = C2 = 0}, % := {cq ^ Bx ^ 0}. 

On T2 , Bx and Vx are arbitrary, hence 72 n 71 is the subset where Bx divides 
Vx- Similarly, on Ts, ^ = {cixi + C2X2), T>x are arbitrary, hence 7^ n 71 is the subset 
where I = {cixi + C2a;2) divides "Dx- The intersection of the three components 
7i n 72 n 73 is easily seen to be equal to {cq = ci — C2 — Bx ~ 0}. 

In the above theorem we consider only the first irreducible component 7i, the 
closure of {cq 7^ 0}. By the forthcoming Theorem 16.61 all the other surfaces shall 
belong to Mjr U Mg. 

Proof. One can verify that the assumption cqT^x — IBx boils down to the fact that 
the two equations produced by the first row coincide (i.e., the pfaffian of the minor 
of A4 where one erases the first row and column equals the first entry of AiV). 

Then, by Corollarv 15 . 121 we have a flat family with base 7i, giving an irreducible 
locally closed set of the moduli space, which we denote by Mjf. 

We consider the subset M^jr of the moduli space of surfaces of general type given 
by the image of {cq = I = 0} CiTi. 

We have that Mgjr c Ms: to write a surface in M^jr in the format of Proposition 
15.71 it suffices to take A = v. 

We deduce then the existence of a surface X with at most rational double points 
as singularities in Mgj- as in the proof of Proposition 15.71 By flatness and Propo- 
sition [5?7l its minimal resolution has Kg = 8, Pg{S) — 4, q{S) = and Ks is the 
pufl back of /-Cx Ox (2). 

We compute the dimension of Mgjr, forgetting the variables Z2,u and v and 
taking the associated projection as in the proof of Proposition 15. 71 and then using 
Z2 = u = V = —. The image of 5 is a surface E of degree 10 general in 
the ideal 

(2/^, X2y^,X2y'^zi,x2yzl, X2zf, xly"^, X2yzi,x2zf, x^x^y, xl). 

Comparing with the ideal ()5.1|) . we have only 46 parameters; the monomial we 
are missing is x\x\zi. Arguing as in the proof of Proposition 15.71 dimAfgjr = 
45 - 11 = 34 = dimAfg - 1. 
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When Co 7^ 0, the two equations of smaher degree ehminate u and v, embedding 
the surface as a complete intersection of type (6,6) in P(l^,2, 3^), so, by theorem 
13.41 the canonical system is base point free. 

Conversely, all the isomorphism classes of canonical models of such complete 
intersection surfaces are here. Indeed, choosing for simplicity cq = ci = 1, C2 = 0, 
'Dx = xiBx (to ensure that we are in Ti) we get u = —D^^ + . . ., v = Dy + . . . 
and X becomes the complete intersection in P(l^, 2, 3'^) of the two sextics which are 
obtained eliminating u, v in the sextics yu — ziZ2 — xiv and B+xi{yBz2 — ziBu) + ■ ■ ., 
where the terms in "• • •" do not depend on Vy, or B. It follows that we get 
all pencils of sextics (with base locus a surface with at most rational double points 
of singularities) containing a sextic in the ideal generated by xi, y and zi22- On 
the other hand, if we cannot find such a sextic in the pencil even after a projective 
coordinate change, then, argueing as in the proof of Theorem 13.41 the canonical 
system has a base point, a contradiction. 

Therefore we have shown that the surfaces Xt in the family Mjr admit a smooth 
deformation Xq; Xq is an even surface, because it is smooth and Ox{Kxo) — 
Oxo (2). Hence all the minimal models St of our canonical models Xt, being difFeo- 
morphic to Xq, are even surfaces. 

By Theorem 13.41 the surfaces with base point free canonical system form a 35- 
dimensional irreducible open set of the moduli space, so Aljr is an irreducible com- 
ponent of the moduli space, containing the set of Oliverio surfaces. 

Finally, we have already proved that Mg D Mjr contains the irreducible family 
Mgjr of dimension 34. On the other hand, let X be a surface in Mjr which is also 
in Afg. Then Kx has base points, so co =0. Moreover, the equation of degree 4 
must be of the form WZ — for some forms W, Y, Z of respective degree 1, 2 and 
3: this forces ci = 0, so / = C2.T2. A long but straightforward computation shows 
that we can make a coordinate change so that the generators arc still produced by 
matrices M and V as in the statement, but with 1 = 0. So X e Msjr. □ 

6. Deformations of the cone and the moduli space 

Our next goal is to prove that and Mjr fill M§\ q. By Theorem 13.41 and 
Proposition 15.131 it suffices to restrict our considerations to surfaces S in Af| 4 g 
such that \Ks\ = \2L\ is not base point free. It will be convenient to consider only 
the canonical models X of such surfaces, observing that Kx = 2L and R{X, L) is 
an extension ring of degree one ( jR88j ) of the ring R = R(C,2Q), where C is a 
general curve in the pencil \L\ (this simply means that R = R(X,L)/(xi), where 
the coordinate xi has degree 1, which is the algebraic counterpart of the geometric 
process of taking a hyperplane section). 

First of all, if no nonsingularity condition is set forth, a trivial extension ring of 
R = A/(/i, • • ■ , /g), where A is the polynomial ring C[a;2, y, zi, Z2, u, v\, is given by 
the cone 

where B is the polynomial ring C[a;i, X2, y, zi, Z2, u, v\ and deg{xi, X2, y, z\,Z2, u, v) = 
(1,1,2,3,3,4,5). 

Every extension ring of R can be viewed as a deformation of Cn, since in both 
situations the issue is to lift the same generators /i , • • • , /g of the graded ideal and 
their first syzygies ci, • • • , oiq. 
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Pay attention that the ideal J of Cr is different from the one of R, since J is 
generated by /i, • • • , /g in the bigger polynomial ring B. 

An explicit calculation of the infinitesimal deformations of Cr occupies the main 
part of this section. 

6.1. First order deformations of Cr. As usual, we begin by calculating the 
space of first order deformations: since we know that the Kuranishi family is 
parametrized by a complex analytic subspace of . 

A first order deformation of Cr (see for instance |Sch73| . Section 1) is an element 
of Hcym{J,M/ J) and can be therefore written in the following form: 



(6.1) =fr + ^-Y.'^ifU' 1<*<9, 



k>0 

where f -/^ G A = C[x2,y, zi, Z2, u, v] which is viewed as a subring of the polynomial 

ring B; so the i^^^^'s are elements in Bfel. 

A standard observation is that each ^ can be viewed as an element of R which 

is a quotient of A. In fact, supposing that F^^^ and G^'' define two first order 
deformations of Cr, and that F^^"^ — G^^-* is in e • J for 1 < i < 9: then they actually 
define the same first order deformation, since F^^'^'s and the g|^'''s generate the 
same ideal of B [e] . 

For 1 < j < 16, suppose the relations (first syzygies) aj are X]i<i<9^u/i — 
(see Corollary [53]) . Then the relations between the Fj^^"^ should be of the form 

{h,+e-m,,)FP =0 

l<i<9 

where rriy- is an clement of B. The possibility of lifting the relations is equivalent 
to the condition that we get a homomorphism of J into B/J and yields the exact 
restrictions on the J^' j, in (|6.ip . 

Lemma 6.1. For the first order deformations, it suffices to lift the following five 
of the sixteen relations (first order syzygies): (Ti, 173, CTs, erg, CTiq. 

Proof. Indeed, we have the following equivalences (mod J) between the first order 
syzygies 



+ ziCTg + yaio) 



Z\02 


— U(Jl 




= Va2 + Z2CfQ 


y(^i 


= -Zl(J2 + 22(73 


2^20-12 


= -(zfcTl + W(T3 




EE W(T3 


ZlCTis 


= vae + uCTio 




= V(Jl + ZlfTs 


Zi(Ti4 


= va^ + uai2 




= UCTs 




= zfcrg + vaio 








= zla^ + vai2 



Since the variables X2t ■ ■ ,v are not zero-divisors in Cr, the syzygies cri, (T3, cr^ imply 
(J2 5 C4, ce, cr?! mod J by the first column, and cri,...,crio imply the remaining 
ones (Til, ■ • ■ , fie by the second column. 

□ 



20 



FABRIZIO CATANESE, WENFEI LIU, AND ROBERTO PIGNATELLI 



We can calculate the J^' ^ separately, since they correspond to different degrees 
in xi. Denote by Vk the space of first order deformations having degree k in xi, 
and by V^! the subspace of Vk induced by variations of the entries of the matrix TV 
(while preserving the extrasymmetric format) in Example 1 5. 2 1 Due to the previous 
observations, we see that the calculations of first order deformations essentially take 
place in the quotient ring B/J . 

Proposition 6.2. (i) Vk = V^ for k > 2, that is, every 1st order deformation 
ofCn with degree 2 in x\ is obtained from the extrasymmetric format. 
(ii) dim Vi/V-[ = dim Vq/Vq = 1, that is, in degrees 1 (resp. 0) in xi, the first 
order deformations that are induced by the matrix format build a subspace 
of codimension 1. 

Proof For every fc > 0, let F^^^ = + ea;^;'/^'^,, 1 < i < 9 be a first order 
deformation of Cu, with degree fc in xi. We will compare V^ and Vk for each fc > 0. 

Note that deg{fi, . . . , /g) = (4, 5, 6, 6, 7, 8, 8, 9, 10) and deg /(^ = deg f, - fc. If 
k > 10, then //j, = by degree reason. If fc = 10, then 

/i,io = • • • = /8,10 = 0- 

By the relation ctiq, we have 

-^2/2,10 + ^'fi.lQ + ^1/7,10 - 2^2/g,io = 0' 

and it follows that /g is also 0. A similar argument shows that, if fc = 8 or 9, 
then fl f^ = for 1 < z' < 9. Therefore Vk = for fc > 8 and also V^! = a fortiori. 

Next we show that Vk/V^ = for every 2 < fc < 7. Since the calculations are 
similar, we treat only the case when k = 7 and leave the rest of the verifications to 
the reader. 

Case fc = 7: for degree reasons, one has ^ = • • • = /| ^ = 0. The syzygy 0-3 
implies that 

^1/2,7 - 2/74,7 + 2^2/5,7 = 

and it follows that /5 7 = 0. In turn we have /g 7 = by 0-5 . 
Then erg and trio yield 

y/7,7 = 2:2/8,7, 2:1/7 7 = X2/g_7 

which implies that (f^ 7, /g 7, /g 7) = {0x2, cy, czi) with c S C, but this infinitesimal 
deformation is induced by varying one entry of the 6x6 antisymmetric matrix A^: 
D + ecxl- 

For (ii) (resp. (iii)), we will show that, up to a scalar, there is exactly one first 
order deformation with degree 1 (resp. 0) in xi that cannot be induced by varying 
the entries of the matrix N. 

Let us treat now the case fc = 1: as before, we have that the degrees 

rfe5(/{,i,...,/^,i) = (3,4,5,5,6,7,7,8,9). 

Using the infinitesimal matrix entry changes of the form Z2 Z2 + exi ■(••■) and 
X2 X2 + eaxi, we can assume /{ 1 = cizi. A similar change of the entry u allows 
us to assume that /2 1 = C2U. Then the relation cti gives 

-2:i/(,i + y/2,1 -2^2/3,1 = 
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and wc see that /2 i = 0, /a i = ~civ. Now making an appropriate change at v we 
can assume fi i — Ci,iyz2 + C4.2W- We have the following equations by (T3, 175: 

-y/li + x2fLi = 0, vf[^, + yf,^, - = 

and it is not hard to see that 

/li = -ciyz2, /5_i = -C1Z2, /e.i = -cil). 

Next, up to appropriate first order changes of v, zf, D in the top left corner of N 
by multiples of xi, we can assume /y 1 = C7Z2U. The relations CT9,(Tio imply that 

^2/1,1 - y/fi + 2^2/8,1 = 0, v/4 1 + Z1/7 1 - 2:2/9.1 = 
and we find that 

C7 = Ci, /84=/9,l=0 

Summing up, we have the following first order deformation with degree 1 in xi: 

fi,i = cizi, fii = -civ, /4 1 = -C12/Z2, 

/s.i = -cizi, fii = -ciD, /y 1 = ciZ2it, /2,i = fs,i = /9.1 = 

which is evidently not induced by the entry changes of N. 

Case fc = 0: since the calculation is similar to the case fc = 1, we leave it to the 
reader. The codimension of the space of first order deformations in degree that 
come by entry changes of the matrix N is one and a basis of Vb/Vg' is represented 

by 

f[,o = -cqu, /^o = coZ2{do,2Zi - Z2), /f = -CQ{DyZi + da^2Z2v), 

fLo -cqv, /s o = -cq{5xI + Dyy + D^^zi), /§ „ = c^{5xlzi + D^^^v), 
fs.o = 0' /e.o = ~co{Sxly + DyZ2 + D:,^u), fgg = -coDyV 
where we have decomposed D as D = 5x\ + Dyy + D^^zi + iio.2-Z2U- 

□ 

Recall that the subspace of elements of non-positive grading in the space of first 
order deformations Hom{J,M/ J) yields the tangent space to the Hilbert scheme at 
the point corresponding to the cone Cr. 

However, to calculate the tangent space to the Kuranishi family, we must consider 
isomorphism classes of first order deformations, i.e., we must divide by the subspace 
generated by the action of the Lie algebra of vector fields on the weighted projective 
spae, the tangent space to the group of projective automorphisms. 

We divide therefore by these infinitesimal coordinate changes and, using Proposi- 
tion l6.2| we can assume that any first order deformation of the cone Cr is equivalent 
to one of the form 

(6.2) = /, + eifl, + xi/(i + J2 ^if'k), 1 < * < 9 

A:>0 

where /^'q (resp. fli) is the deformation with degree (resp. 1) in xi in the proof 
of Proposition 10 and the fi + J2k>o ^ifi,k (1 < * < 9) are the 4 x 4 Pfaffians of 
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the following antisymmetric matrix: 



(6.3) 



with 

^(1) + f A' = 
=D + (V 





y 


2^2 \ 


u 


22 


y 


V 


U 


21 


















V 



22 + + b2x\u + 63x^22 + bQx\), 

5x1 + DyV + D^^zi + do,222W + <^{5'xl + D'yy + D'^^zi + d'„2Z2u) 
+ e{di^ixiyu + di^2XiZ2 + d2,ix\yz2 + d2,2x\v + dzx\u 

+ di^ix\zi 4- di^2x\z2 + d^x\y + d'ix\). 



arc first order infinitesimals. 



so that ^(1) -1 

Here we have thrown as many terms as possible from and B^^^ to X''-^-' using 
the equations /i = • ■ • = /g = 0. 

Remark 6.3. If we use neither the coordinate changes nor the entry changes of N in 
the proof and keep track of the free parameters, then we obtain all the dimensions: 

• dinicVk = 0, for fc > 8. 

• dimc{V7,...,Va} = {1,2,4,6,11,16,23,30}. 

Since 14 = Homji{J/ , R)^k ( |R88[ Theorem 1.10]), these dimensions can be 

calculated in Macaulay 2 for an explicitly assigned D as follows. 

— We count here the dimensions of first order deformations 

—of the graded ring R=C [x_2 ,y ,z_l ,z_2 ,u, v] /(f _1 , . . . , f _9) with D=0. 

AA=Qq [x_2 , y , z_l , z_2 , u , v , Degrees=>{l ,2,3,3,4,5}-]; 

f_l=x_2*z_2-y~2; 

f_2=x_2*u-y*z_l; 

f_3=y*u-z_l*z_2; 

f_4=x_2*v-z_l~2; 

f _5=y*v-z_l*u; 

f_6=z_2*v-u~2; 

f_7=z_l*v-y*z_2"2; 

f_8=u*v-z_2~3; 

f_9=v"2-z_2~2*u; 

I=ideal(f_l,f_2,f_3,f_4,f_5,f_6,f_7,f_8,f_9) ; 

— the ideal of R; 

I'=I/I~2;R=AA/I; 

H=Hom(I' ,R) ;h=hilbertSeries (H, Order => 1) 

— h is the hilbert series of Hom_R(I/I"2,R) up to degree 0; 

— the coefficients of h are exactly the dimensions of V_k, 0<=k<=7. 

6.2. Lifting to higher orders. We shall now try to lift the first order deformations 
obtained in Section 16.11 to higher order. We shall do this in several steps, first 
of all we shall calculate the tangent cone to the base B of the Kuranishi family 
(equivalently, to the Hilbert scheme). 
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We shall in this way obtain some quadratic equations which a posteriori will be 
shown to yield the equations defining B; but since we do not want to use computer 
assisted calculations, we shall proceed in steps, first showing that these equations 
define the tangent cone, then that these equations define B after a possible coor- 
dinate change, and only in the proof of the main theorem we shall see that these 
equations define B in the initially chosen coordinates. 

Proposition 6.4. // a first order deformation of Cji as defined in h6.2fl lifts to a 
genuine deformation, then 

C(,a^ = cifls = Cody — cih^ = {mod 

9Jt being the maximal ideal of the origin in the vector space of first order deforma- 
tions. 

Proof. Starting with F^^^ (1 < « < 9), we can write a one parameter family of 
deformations of order n as 

J^^"' = /. + i/P + • • ■ + l<z<9. 

where fl^^ = // o + ^i/i i + Efc>o ^ifik P^''* defining F-*-^' in (|6.2p and t is an 

infinitesimal parameter of order n (i.e. ~ 0). Therefore the i^/"'' are elements 
in B[f]/(i"+^). For m < n, there is a natural surjection of rings 

]B[i]/(t"+i) ^B[t]/(f"+i), 

and we denote by F.j;"^^ the image of i^^^"^ in B[i]/(t™+^). The first syzygies 
f 1, • • • , CTie between the /; should lift to those between the i^^'™-* for any m < n, so 
that the Fj*-™-* define a deformation of Cr of order m. 
The relation di between fi lifts to the second order as 

-ziFf ^ + yF^^'> - X2Ff ^ =t{ciXiFi^^ - coF^^'>) - t^cl{D - do,2Z2u) + t''c\x\yz2 

- t^CQCido,2XiZiZ2 + t^{-Ziff'^ + yf!^^ + X2f^^^) 

and from this we see that f^^ does not contain x\. 
The first syzygy (T3 lifts as 

ziFf ^ - yF^ + X2fI,^^ =tico{do,2Z2F^'^ - ^) - c,x,Z2F[^^) 

+ t^{clxlziZ2 - clDyZi + cq{ziA! - yB' + X2V')) 

Note that t^CQZiA' contains t^CQac,x\zi and t^coX2T>' contains t'^CQdYx'[x2 (cf. 
(|6.3[) ). Since t^coa5XiZi could only be cancelled by t^zif!^\ but unfortunately f^'^ 
does not contain , cgOs must be 0. Besides t^CQd'jx\x2 can only be absorbed into 
t^X2f^\ so the coefficient of x\ in f^^ is —codr. 

The relation (T5 gives 
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- uF^^^ + yF^ - 0:2^^ ^t{c,x,F^^'> + co(Z?,Ff ' + D,,F^^'>) 

+ t^{c^{uDy + vD^^) + CoCido,2XiZ2V + c\x\z2U 

— ciXi{ziA' — yB' + X2'D') 

The term t^cia^XiZi in t^ciXiZiA' cannot be absorbed in any of f'f\ i 
1,2,5,6, hence CiOs = 0. On the other hand the term t'^cibexly in t^ciXiyB' can 
only be absorbed into t^yf^\ so the coefficient of x\ in /g^' is — ci^g- Comparing 
with the coefficient of x\ in /g^' determined by (T3 above, we obtain cqcIj ~ cibe = 0. 
Summing up, we have the foUowing restrictions on the coefficients: 

cofls = 0, cias = 0, codj = cibg. 

□ 

For the reader's benefit, we observe that the above equations describe the alge- 
braic set 

{a5 = codr - ci&e = 0} U {cq = ci = 0}, 

which is not a complete intersection since it has codimension two, while the space 
of quadrics containing it has dimension three. 

6.3. The moduli space. Let's come back to our original problem about the moduli 
space of even surfaces with = 8, Pg = 4, q ^ 0. 

In the next lemma we are essentially continuing with the previous calculations, 
except that we set for convenience 

a := as, d := c?7, b := bg. 

Our purpose is to show that our previous equations, which were among the 
equations defining the tangent cone to the base of the Kuranishi family, are indeed 
the equations of the base of the Kuranishi family. 

Lemma 6.5. Set 

fo ■= CQfl, /i := cia, g cod - Cib. 

Let V be the polynomial ring C[a, 5, Cq, Ci, d. Mi, . . . M„i] and consider an ideal 
J <ZV such that J contains polynomials Fq,Fi,G such that 

Fo = fo (mod m^) Fi = fi {mod M^) G = g {mod ^H^ ) 

931 being the maximal ideal of the origin. 

Let W the subscheme associated to J , and assume that W contains two dis- 
tinct irreducible components of codimension 2. Then, up to an analytic change of 
coordinates, we may assume that 

{**)J={foJi,g), W = WiUW2, Wi^V{co,ci), W2^V{a,g). 

In particular, W is schematically the union of two irreducible components of 
codimension 2 which are complete intersections. 
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Proof. We divide the proof in several steps. 

Step 1. Observe that W is a subscheme of V{I), where / is the ideal / := 

W.L.O.G. we may replace J by /. In fact, once the final assertion (**) is proven 
for /, is a subscheme of V{I) ~ W\ U W2 containing two irreducible components 
of codimension 2, hence W — V(I)^ and the proof is finished. 

Step 2. Assume henceforth J = I. We observe first that W cannot have any 
component of codimension 1. Else there would be a function F dividing Fq,Fi^ G: 
in particular the leading form f oi F would divide /o, therefore / would be a 
constant , and F would be a unit in the local ring of the origin. 

Let Zi := V{Fi,G): the same argument shows that neither Zq nor Zi has a 
component of codimension 1, hence Zq, Z\ are complete intersections of codimension 
2. 

Step 3. Consider now the irreducible decomposition W — UiWi of into 
irreducible components. By what we have seen, each Wi has codimension either 2 
or 3. We assume that Wi and W2 have codimension equal to 2. 

Step 4. Consider now the tangent cone C of at the origin. The irreducible 
decomposition W = UiWi oi W yields a decomposition C = UiCi. Observe moreover 
that C is a subscheme of 

W :==F(/o,/i,.g) = LUQ, L:=F(co,ci), Q:^V{a,g). 

We may assume W.L.O.G. that L is the tangent cone of Wi, and Q is the tangent 
cone of W2 

Step 5. Note that W' = LljQ holds schematically, and we have a corresponding 
projective subscheme of codimension 2 and degree 3 of which C has a subscheme. 
Hence there are no other components Wi of codimension 2: these would contribute 
to a higher degree of the subscheme C. Hence, if there are other components W3, . . . , 
they have codimension 3. We shall now show that these latter do not exist. 

Step 6. Since the tangent cone L to W\ is smooth, then W\ is smooth at the 
origin, and, by a suitable local change of coordinates, we may assume that 

VFi = F(co,ci). 

Since moreover Fo,Fi,G are in the ideal (co,ci), we obtain, after a suitable 
change of coordinates 

Fo = cofl + ci/3i, Fi = ci(a + a) + co^So, G = c^d - cib, 

where a,/3o,/3i have all order at least 2 at the origin. Moreover, we can assume 
(changing the coordinate a and adding possibly a multiple of G to Fq and Fi that 

(6.1) the variables cq and b do not appear in f3i, and a 

(6.1) the variable Ci does not appear in /Sq. 

Step 7. Consider now and intersect with cq = 0: we obtain the algebraic 

set 

co = b = l3i^{a + a)^0, 

which must have codimension 3. 

It follows that (a + a) divides f3i . We can therefore subtract a multiple of Fi to 
Fq and obtain that cq divides Fq. 

Whence, we can finally assume that Fq — cqo. 

Step 8. Now, the components of V{Fo,G) are Wi — L, Q ^ V{a,G) and 
V{co,b). 
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But WriV{co, b) = {co = 5 = ci{a + a) = 0}, which has codimension 3. Whereas 
W nQ = V{a, G, cia + cq^q); this component must have codimension 2, so it must 
be Q, and Fi belongs to the ideal (a, G). We can subtract a multiple of G to Fi 
hence we may obtain that a divides i^i, i.e., that a divides Pq and a. 

Step 9. We may now write 

Fi^a{ci{l + A)+coB), 

hence, subtracting a multiple of Fq to Fi, we may assume that B = 0. 

Furthermore, multiplying by the unit [1 + A) and its inverse the variables ci and 
&, we finally get new coordinates where 

Fq ~ CQfl, Fi ~ cifl, G = Cod — cib. 

This is exactly what we wanted to show. 

□ 

Theorem 6.6. Mg\ q is connected and its irredundant irreducible decomposition 
MIXo = Mr U Ms. 

Proof. We already know that M^, Ms are irreducible unirational subsets of 4 gi 
indeed each of them is defined as the closure of a morphism from an open set of an 
afSne space into the moduli space. 

We also know that Mjr is the closure of the open set Mjr of M| 4 q consisting of 
surfaces with base point free canonical system: hence Mjr is clearly an irreducible 
component of M| 4 q, and it suffices to show that every surface not in Mj- lies either 
in Mjr or in Ms, and that these two subsets do intersect. This will accomplish the 
proof. 

Suppose then that S is an even surface with Kg = 8, Pg = 4, q ^ and that \Ks\ 
is not base point free. As before, let L be a half-canonical divisor, i.e., Ks = 2L. 
Let X be the canonical model of S. 

Then X is a small deformation of the cone Cr over a smooth hyperplane section 
if of X, and the basis of the Kuranishi family B of Cr consists, by 15.71 15.131 
16.41 and 16.51 of two irreducible components: we want to show that the open set B' 
corresponding to the smoothings of Cr remains connected, and that the points of 
one component of B' correspond to canonical models in Mjr and the points of the 
other to canonical models in Ms, thus our statement shall follow. 

We can translate everything back into the algebraic description of the extension 
rings of i? = R{C, 2Q) for a smooth C e \L\ and Q e bs\L\ (see Section H]). 

The half-canonical ring R{X, L) is an extension ring oi R = R{C, 2Q) hence it 
can be put in the form of (|6.2|) . (we take now a small and general specialization 
e G C) and, by Proposition 16.41 cqo^ = cia^ = cgdj — cibg = , up to higher order 
terms. Let us note that, up to a coordinate change in R we can always assume that 
the coefficient of xl in D vanishes: just choose ( and rj with a common zero. 

Now, if cq ~ ci = 0, the equations are in the extrasymmetric format of Proposi- 
tion l5.7[ so X is an element of Ms. Else, 05 = 0. Moreover, since we assumed the 
vanishing of the coefficient oixl in D, we can decompose B and V as in Proposition 
15.131 with Bx = bexf and Dx = drxl. Then codr — cib^ = gives ciXiBx = coDx. 

It follows that R{X,L) is as described in Proposition 15.131 with I = ciXi, and 
therefore X G Mj. 
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We see then directly that the base B of the Kuranishi family of Cr contains the 
subset B" {cqCs = cia^ = cod? — cibe = 0}, hence by Lemma [6?5] it equals B and 
we have shown that X belongs to Mjr u A/g . 

Finally, the condition Mjr n Ms ^ was shown already in ProDOsition l5.13l 

□ 
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